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We define a parameter which measures the proportion of vertices which must be
removed from any graph in a class in order to break the graph up into small (i.e.
bounded sized) components. We call this the coefficient of fragmentability of the
class. We establish values or bounds for the coefficient for various classes of graphs,
particularly graphs of bounded degree. Our main upper bound is proved by estab-
lishing an upper bound on the number of vertices which must be removed from a
graph of bounded degree in order to leave a planar graph.  2001 Academic Press
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1. INTRODUCTION AND DEFINITIONS
This paper introduces the concept of fragmentability of a class of graphs.
This measures how vulnerable the graphs in the class are to being broken
into small components by removal of vertices. We bound the size of the
components, which makes the concept more difficult to work with than
ordinary connectivity. The objective of fragmenting a graph into constant
size components can at times be achieved by repeated application, in
a divide-and-conquer fashion, of an appropriate separator theorem.
However, for fragmentability we do not care about the order in which
vertices are removed, but only about how many are removed.
Let = be a non-negative real number, and C an integer. We will say that
a graph G=(V, E) is (C, =)-fragmentable if and only if there is a set XV,
called the fragmenting set, such that (i) |X |= |V | , and (ii) every
component of G"X has at most C vertices. We will refer to these com-
ponents as fragments.
Now consider a class 1 of graphs. We will say that 1 is =-fragmentable
if and only if there is an integer C such that for all G # 1, G is (C, =)-
fragmentable. Note that any class is 1-fragmentable. Also, if 1 is =-fragmen-
table and =$>=, then 1 is =$-fragmentable.
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We define the coefficient of fragmentability of 1, denoted cf (1 ), by
cf (1)=inf[=: 1 is =-fragmentable].
It is clear that for any class 1, 0cf (1 )1. Also 1 is =-fragmentable for
any =>cf (1). The definition is based on the term fragmentable introduced
in [4]. A fragmentable class as defined there is essentially one having coef-
ficient of fragmentability equal to zero.
Note that =-fragmentability, and the coefficient of fragmentability, are
defined only for classes of graphs. For individual graphs, we can only talk
about (C, =)-fragmentability.
It is easy to see that for any = satisfying 0=1, there is a class 1 for
which cf (1 )==. For example, we can take 1=[Gn : n1] where Gn con-
sists of a complete graph on w=nx vertices together with n&w=nx isolated
vertices. The clearly cf (1 )==.
2. SEPARATORS
Any class with a suitable separator theorem has cf (1 )=0. The following
was shown in [4].
Lemma 2.1. Let 1 be a class of graphs. Suppose that there exist real
numbers A, *, : satisfying A>0, 0*<1, and 0<:<1, such that for any
graph G # 1, where G has n vertices, there is a set of at most An* vertices
whose removal from G leaves every component with at most :n vertices, and
each component a member of 1. Then 1 is =-fragmentable for any =>0.
Classes for which such separators exist include the following: (i) trees,
(ii) planar graphs [7]; more generally graphs of fixed bounded genus [6];
more generally still, any class with a fixed excluded minor [2], (iii) sub-
graphs of grid graphs of bounded dimension [4].
3. BOUNDED DEGREE CLASSES
Some graphs, such as stars, can be fragmented into pieces of bounded
size by the removal of just one vertex, or a few vertices.
However, if G is a connected graph of maximum degree d, then in order
to fragment G into components of size at most C, we must remove at least
n(Cd+1) vertices. For each fragment must be incident with at least one
edge in G, and each of these edges must be incident with at least one vertex
in the fragmenting set.
For any integer d, let 1d be the class of all graphs with maximum degree
at most d. It is easy to see that cf (1d)(d&1)d, since, given any graph
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G # 1d , we can d-colour G by Brooks’ theorem (any components iso-
morphic to Kd+1 can be ignored since they are already small), and then
remove the d&1 smallest colour classes to leave an independent set. We
improve this bound below.
First we show how to reduce one class to another.
Lemma 3.1. Let 1, 1 $ be classes of graphs, = a non-negative real number,
and A a non-negative integer. Suppose that for any G # 1, we can remove
from G at most = |V(G)|+A vertices to give an element of 1 $. Then cf (1 )
cf (1 $)+=&=cf (1 $).
Proof. We may assume that cf (1 $)<1, =<1, for otherwise the result
is obvious. Let ’ be any positive real number which is at most
min[1&cf (1 $), 1&=]. Set =$=cf (1 $)+’, so that 1 $ is =$-fragmentable. Let
C be an integer such that every graph in 1 $ is (C, =$)-fragmentable. We
assume that CA’, otherwise replace C with WA’X . Now let G=(V, E)
be a graph in 1, and let n=|V |. If n<C then G in (C, 0) fragmentable. So
suppose that nC. Then we can remove a set XV of vertices from G,
where |X |=n+A, to form a graph G$ # 1 $. Let =X=|X |n, so that =X
=+An=+’. Then G$ has (1&=X) n vertices, hence it can be fragmented
into components of size at most C by the removal of at most =$(1&=X) n
vertices. Hence G is fragmented into components of size at most C by the
removal of at most (=X+=$(1&=X)) n vertices. But
=X+=$(1&=X)==$+=X (1&=$)
=$+(=+’)(1&=$)
=(=+’)+=$(1&(=+’))
=(=+’)+(cf (1 $)+’)(1&(=+’)).
Hence, since ’ can be made arbitrarily small we obtain cf (1 )cf (1 $)+
=&=cf (1 $). K
Remark. In particular, if cf (1 $)=0, then cf (1 )=.
Now we return to graphs of maximum degree d.
Theorem 3.2. Let G=(V, E) be a graph with n vertices and maximum
degree at most d, where d2. Then G can be made planar by removing at
most (d&2) n(d+1) vertices.
Proof. For d=2 the result is trivial, so assume d3. We will partition
the vertex set V into two sets P and R=V"P. Let F be the set of vertices
in those components of (P) which are trees, and N the remaining vertices
of P. We will choose the partition (P, R) such that
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(i) (P) is planar;
(ii) P is as large as possible, subject to (i);
(iii) |E((P) )| is as small as possible, subject to (i) and (ii);
(iv) (P) has as few components as possible, subject to (i), (ii) and (iii).
For v # V and SV, let dS(v) be the number of neighbours of v in the
set S.
Now consider a vertex x0 # R. It is clear that if x0 has at most one
neighbour in each component of (N) , then if we remove it from R and
add it to P, (P) is still planar, but P is larger, which contradicts (ii).
Hence dN(v)2 for each v # R.
Now suppose that dN(x0)=2 and dF (x0)= j where j is 0 or 1. Let the
two neighbours of x0 in N be y and z. Then y and z must be in the same
component C. Thus there is a shortest path in C joining them, say
x1 , ..., xt , where y=x1 and z=xt . Remove x0 from R and add it to P. Let
C$ be the new component, containing C, which is formed. Note that C$
must be non-planar, otherwise P was not as large as possible. Now C$ has
a cycle x0 , ..., xt , x0 , and each xi , i=0, ..., t has a (possibly empty) set Yi
of other neighbours in P which are not in the cycle. Let Zi be the subset
of Yi consisting of those vertices v # Yi such that v is in the same compo-
nent of C$"[xi] as the remaining vertices of the cycle, and let Pi be the
planar subgraph consisting of those components of C$"[xi] which contain
an element of Yi "Zi . Note that Z0 is empty. We choose the least i1, such
that Zi is non-empty (there must be one, otherwise C$ would be planar).
33FRAGMENTABILITY OF GRAPHS
Then C"=C$"[xi] is planar. For C" consists of a subgraph of C"[xi]
(formed from C by deleting x1 , ..., xi and the vertices of P1 , ..., Pi) which is
necessarily planar, together with the path xt , x0 , x1 , ..., xi&1 , and the sub-
graphs P0 , ..., Pi . It is clear that this is planar. Now remove xi from P and
add it to R. Thus we have swapped xi with x0 . Note that x i has at least
three neighbours in P.
Now if j=0, swapping xi with x0 has decreased |E((P) )| subject to con-
ditions (i) and (ii), which was supposed impossible. If j=1, then either xi
has at least four neighbours in P, in which case we have similarly decreased
|E((P) )| subject to conditions (i) and (ii), which is supposed impossible,
or xi has exactly three neighbours in P. But then C" is connected, and since
swapping xi with x0 leaves |E((P) )| unchanged, we have decreased the
number of components of (P) subject to (i), (ii) and (iii), which was
assumed impossible.
We conclude that for each vertex v # R, either (i) dN(v)3, or
(ii) dN(v)=2 and dF (v)2. In either case we have
dP(v)3+dF (v)2.
First consider the case when d4. Suppose that (F) has k components.
Then
d |F |&2 |E((F) )|=d |F |&2(|F |&k)=(d&2) |F |+2k.
Hence since |F |k, and d4, we have
d |F |&2 |E((F) )|4k
or
2k& 12d |F |+|E((F) )|0.
Now consider the number of edges joining P to R. Note that since each
component of (N) is connected and contains a cycle, |E((P) )||P|&k.
On the one hand, we have
|E(P, R)|= :
v # P
d(v)&2 |E((P) )|
 :
v # P
[d&(d&d(v))]&2 |P|+2k
=(d&2) |P|+2k& :
v # P
(d&d(v))
(d&2) |P|+2k& 12 :
v # F
(d&d(v))
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=(d&2) |P|+2k& 12d |F |+
1
2 :
v # F
d(v)
=(d&2) |P|+2k& 12d |F |+
1
2 |E(F, R)|+|E((F) )|
(d&2) |P|+ 12 |E(F, R)|.
On the other hand,
|E(P, R)|= :
v # R
dP(v)
 :
v # R
(3+dF (v)2)
=3 |R|+ 12 :
v # R
dF (v)
=3 |R|+ 12 |E(F, R)|.
Hence 3 |R|(d&2) |P|=(d&2)(n&|R| ), so we obtain (d+1) |R|
(d&2) n, as required.
Now suppose d=3. Then, for each v # R, we have dN(v)=3. We consider
the number of edges joining N to R. Note that |E((N) )||N|. So we have
|E(N, R)|= :
v # N
d(v)&2 |E((N) )|
3 |N|&2 |N|
= |N|.
On the other hand, |E(N, R)|=3 |R|, hence 3 |R||N|(n&|R| ), so we
obtain 4 |R|n, as required. K
Remark. If (d+1)3 is an integer then this can be proved rather more
easily. Consider a partition of V(G) into (d+1)3 parts which maximises
the number of edges between the parts. Then it is not hard to see that the
graph induced by each part has maximum degree two, and is therefore
planar. Clearly at least one of these parts has at least 3n(d+1) vertices,
and is thus obtained from G by deleting at most (d&2) n(d+1) vertices.
We now turn to a lower bound for cf (1d).
Theorem 3.3. Let 1d be the class of all graphs of maximum degree d.
Then cf (1d)(d&2)(2d&2).
Proof. We show that 1d is not ((d&2)(2d&2))-fragmentable. To do
this we must show that for any positive integer C, there is a graph GC # 1d
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which is not (C, (d&2)(2d&2))-fragmentable. We choose GC to be a
graph which is regular of degree d and has girth greater than C. Such
graphs are well known to exist [3, 5].
Let GC=(V, E) and let n=|V|. Let X be any subset of V such that
every component of GC"X has at most C vertices. Let Y=V"X, and let
k be the number of components of (Y). Since each component of (Y)
has at most C vertices, and GC has girth greater than C, each component
is a tree. Now d |Y |=|E(Y, X)|+2 |E(Y )|, and since |E(Y )|=|Y |&k,
|E(Y, X)|=d |Y |&2 |Y |+2k. On the other hand, |E(Y, X)|d |X |, hence
we have d |X |(d&2) |Y |+2k=(d&2)(n&|X | )+2k. Hence (2d&2)
|X |(d&2) n+2k, so |X |>((d&2)(2d&2)) n, as required. K
Corollary 3.4. Let 1d be the class of all graphs of maximum degree d.
Then
d&2
2d&2
cf (1d)
d&2
d+1
.
Proof. The lower bound is from Theorem 3.3. For the upper bound, let
1 $ be the class of planar graphs, so that cf (1 $)=0, and apply Lemma 3.1
and Theorem 3.2. K
Remarks. (1) For the case d=3, we have determined cf exactly,
namely cf (13)=14.
(2) For triangle-free graphs of maximum degree d, the upper bound
can be improved, for sufficiently large d, to (1&c log dd ) for some con-
stant c>0. This follows from the result of Ajtai, Komlo s and Szemere di
[1] that a triangle-free graph of average degree d has an independent set
of size at least cn log dd.
We next note that for a class 1 of connected graphs with a common
degree bound, the coefficient of fragmentability cannot be attained, i.e. 1 is
not cf (1 )-fragmentable.
Lemma 3.5. Let d be a positive integer, and let 1 be an =-fragmentable
class of graphs of maximum degree at most d. If =>0, then there is a
constant =$<= such that 1 is =$-fragmentable.
Proof. Since 1 is =-fragmentable, there is a constant C such that for
all G # 1, G is (C, =)-fragmentable. Let C$=Cd+1 and let =$==(1&
1(Cd 2+d+1)). We will show that every G # 1 is (C$, =$)-fragmentable.
Let G=(V, E) be a member of 1, and let XV be a set such that
|X |= |V| and every component of G"X has at most C vertices. We will
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construct a decreasing sequence Xi of subsets of X satisfying (i) |Xi |
=|X |&i and (ii) every component of G"Xi has at most Cd+1 vertices.
Clearly we can take X0=X. Suppose then that we have constructed Xt for
some t0. We show that provided |Xt |>t(Cd 2+d), we can construct Xt+1 .
To see this, consider those components of G"Xt which contain an
element of X. There are at most t of them, with at most t(Cd+1) vertices
in all. Hence the number of vertices of G adjacent to a vertex of one of
these components is at most td(Cd+1). All other components have at most
C vertices. Now since |Xt |=|X |&t>td(Cd+1), there is a vertex x # Xt
which is not adjacent to any of the components which contain an element
of X. Then putting Xt+1=Xt"[x] gives the required set.
Hence we can continue constructing the sets Xt as long as |X |&t>
t(Cd 2+d ), i.e. as long as t<|X |(Cd 2+d+1). Hence we stop when we
have constructed Xt , where t is the least integer such that t|X |
(Cd 2+d+1). Then
|Xt |=|X |&t|X | (1&1(Cd 2+d+1))
|V| =(1&1(Cd 2+d+1))==$ |V|
and G"Xt has all components with at most C$=Cd+1 vertices. This
completes the proof. K
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